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Charged particle orbits in helical magnetic fields
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Department of Physics, University of Warwick, Coventry, CV4 7AL, England
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Abstract. Itis shown that the radial motion of a charged particle moving in a helical coil may
be described in terms of motion in a one-dimensional potential, the potential being related
to a suitable average of the components of the magnetic field. An explicit form for this
potential is given. Good agreement is found with numerical orbit calculations.

1. Introduction

In a recent paper Blewett and Chasman (1977) discussed the motion of a charged
particle in a static magnetic field with helical symmetry. Such studies are of importance
in the study of the production of synchrotron radiation using ‘helical wiggler’ devices
and also in a study of the so-called ‘free electron lasers’. Blewett and Chasman solved
the particle orbit equations numerically and also developed an approximate analytic
treatment which reproduced the main features of the numerical results. In their
treatment the spatial variation of the magnetic field components was replaced by the
lowest significant order Taylor series expansion. Thus their analysis is limited to those
particles which remain close to the axis of the device for all their motion. These authors
also made the reasonable assumption that the axial velocity was much larger than the
radial component.

A little while ago the present author studied the motion of charged particles in a
class of periodically varying magnetic fields (Rowlands 1975). For particles whose axial
velocity is much larger than their radial component, a systematic expansion technique
was developed which showed that, to lowest significant order, the transverse motion of
the particle was identical to that of a particle constrained to move in a one-dimensional
potential well. A general form for this potential was obtained in terms of a suitable
average of the magnetic field components. Comparison of this theory with numerical
results showed excellent agreement (Hooper 1975).

It is the purpose of this paper to describe the application of the above-mentioned
expansion technique to the problem of a charged particle moving in a magnetic field
with helical symmetry. Such fields are readily produced by current flowing in a solenoid
whose turns are drawn apart to make a helix with finite pitch. Again one finds that the
radial motion may be described by an effective one-dimensional motion in a potential
well with the motion along the axis playing the role of time. The form of this potential is
obtained as an average over one helical period of an explicit function of the associated
vector potential. Knowledge of this potential is sufficient to understand the radial
excursions of a charged particle in the real magnetic field. Unlike the treatment of
Blewett and Chasman it is not necessary to limit the radial excursions of a particle to be
near the axis.
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In the next section the exact equations of motion are manipulated into a form
suitable for the expansion technique which is developed in § 3. A general form for the
effective one-dimensional potential is given in § 3 and is applied to the case of a single
helical coil in § 4.

The spatial variation of the components of a general static magnetic field with helical
symmetry is discussed in an Appendix.

2. Exact equations of motion

The exact equation of motion of a relativistic particle in a static magnetic field may be
written in the form

dp/dt=8nrb,

where B is the ratio of the particle velocity to that of light and b a normalised magnetic
field related to the actual magnetic field B by

b=eB/ymgc.

Throughout this paper small letters denote the normalised magnetic fields correspond-
ing to the actual magnetic fields denoted by capital letters. Here vy =1/(1—p83), mo is
the particle rest mass, e is its charge and 7 =ct. In the Appendix it is shown that the
various components of a helical field are related as follows. In a cylindrical coordinate
system (7, 6, z), with vector potential A = (A,, A,, 0), the field components are given by

dA 0A,
89 BG=—k s BZ=BO_krB0’
an on

where n =0 —kz and k is the inverse wavelength of the helical coils. Here By is the
value of B, on axis and is independent of n. Further,

B, =k

= > (rBo) and B, = _k(;;r ("Ae)—rBo)/(l + k%),

Because of the assumed symmetry of the magnetic field the equations of motion
reveal the following constant of motion:

p=1rBg+B./k+ra

Here a, is the normalised vector potential. Since the magnetic field components are
functions of r, n (= @ — kz) only, it is convenient to change variables from 7, 6, z to 7, n,
in which case the equations of motion take the form

2

g“‘; = K°5%(p - 8) Bt 15°k*(p — £)+ BT+ bors By
T ar

d*n k* 9g 2Bs° ..,

2= P—g)(;;——j—[k (p—8)+Bq]l=B:bo/r,

where g = ray, B, =dn/dr and s?=1/(1+k?r?. The total energy ymoc> is of course a
constant, and this implies constancy of 8> which, in the above notation, takes the form

B*=Bl+s[k*(p—g)’+rB2]. (2.1)
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Finally the above equations are combined to specify the path of the particle by giving its
radial coordinate r as a function of n. The final equation is a nonlinear ordinary
differential equation relating the first and second derivatives in the following manner:

d’ F

Bf,a;rszsz(p—g)§+rs“[(p—g)k2+B,,]2'+bors26n
dr(k? ag bo  dr 2B, dr
—d—;(';z—(P—g)ﬁ—TOBna}“—%asz[(P—g)kz"'ﬁn]) (2.2)

In principle, equation (2.1) may be used to express 8, in terms of r, n and d7/dn, noting
that 8, =dr/dr =8, dr/dn. However it is convenient in the following to treat these
equations separately.

3. Multiple scale perturbation theory

In ‘helical wigglers’ the transverse velocity components are small compared with the
component in the direction of the axis of the device. This implies that the variation of r
with respect to n has two distinct space scales. Firstly there is the fast variation
associated with the axial motion, and hence with the spatial variation of the magnetic
field on the scale of the helical variation of the field, and secondly the much slower
variation associated with the radial motion of the particle. The perturbation theory
developed below is based on the reasonable assumption that these space variations are
of a different order of magnitude.

It is convenient to express the basic equations in dimensional form by introducing
the reduced variables ¢ = 8.,/kB, 6 = pk/B, g =peh and y = kr. Here e =1/kR_, and
Ry = Bmyyc/eB, is the Larmor radius of the particle defined with respect to the total
velocity in a representative uniform magnetic field B.. In these reduced variables
equations (2.1) and (2.2) take the form

1=5%6>(1—€h)*+ o[ y*s*+(dy/dn)’], 3.1
and
2
¢2dinlz=s252e:—:‘(1—eh)+ys“[¢+5(1—eh)]2+aey¢s2
2
L e 2L 822D 151 )+ 9)), (3.2
dnly om y dn y dn
where now s> = 1/(1+y?) and a = bo/b.. Further, in terms of these reduced variables,
Bs = Bys’[¢ +6(1~¢€h)] (3.3)
and
B.=Bs’[6(1—eh)—y’s]. (3.4)

The basic expansion parameters are the ratios of the radial and azimuthal velocities
to the axial velocity, thatis 8,/8. and B4/8.. If we take the time dependence of 8, and 8,
to be related to the Larmor frequency, then both the above ratios are proportional to €
and we can thus treat e as the expansion parameter. To this end we write

=—1+eb,
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and expand ¢ and y as multiple scale functions of 7, such that

Yy =Yo(n, M1, M2, .. )+ €yi(m, My, .. )+ €Y+
and

d=1—epri(n,m1,...)—€da(n, N1y.. ) +. ..

where 71 = en, 1, = €7, etc., as is usual in a multiple scale expansion (Nayfeh 1973).
Finally we need to expand h, which, from the form given in the Appendix, may be
written in the form & = ~£(y, n)/8, so that

h(y,m)=h(yo, ) +e(y10h/yo+5h)+..
Substitution of these expansions into equation (3.2) gives to lowest order
3*yo/om>=0.

We take y, to be independent of 7, since the solution proportional to n corresponds to
an unbounded orbit. To next order-one obtains

y1/om> = s20h/oyo+ ayoss, (3.5)
whilst the next order gives
2:2 (2;:‘*'26_2%_2951%21)4' (aﬁ( §—h—2yoy1s3)+ lf)ﬁ)

+50y08+h — 1) —ayiss (1 - y3) —asiyod

(o van)seon a9

From (3.1) one obtains the relation

b1=—(h+8)/y} 3.7)
whilst (3.3) and (3.4), to lowest significant order, take the form

Be=¢€B (E“’ 8)/yo, (3.8)

and B, = —B +O(e?). Equation (3.7) may be used to eliminate ¢, from (3.6), and this
equation is then integrated over one helical period to give

Py 2 <Aa2y1> <ah
—2r=—(h ~ §+h+2 >
ani yo\ an’ d Yoyiso

#5in 1 ) 5P+ asi By (2 )08 as)

on 0
1 2
=— dn.
() 27r.[o dn

We have, without loss of generality, taken (y;)=0.
Using equation (3.5) the above equation may be written in the form

8 yo/dni = —aV/ay,, (3.10)

where

where
V(yo) =5(3y1/8m)* +(1/2y5)X(h +8)%). (3.11)
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It is seen from (3.8) that the second term in the expression for V is simply equal to
(B%)/2B%€*. This equation is the main result of the paper and of course is of the form of
an equation for a particle moving in a one-dimensional potential V' (y,), with n; playing
the role of time. Thus the problem of the radial motion of a particle in a helical magnetic
field can be reduced to a study of the motion in an effective one-dimensional potential.
This potential is given in the form of an average over one helical period of a simple
function of the # component of the vector potential.

4. Particle orbits in a helical coil

The general form for the field due to such a coil is dlscussed in the Appendix, where it is
shown that

h(y,m)= a[(Zyya Z_l K (myq)(my) cos mn) -%yz]-

With this form for 4, equation (3.5) is readily solved for dy,/dn and this, together with
equation (3.11), gives the general form for the potential V,

5° & mm a d 2
y m=1

[ Im(my)])

+a’ys ¥ [Knlmya)lu(my) +3a%y%, 4.1)

where without loss of generality we have identified B, and B, so that a =1,

In ‘helical wigglers’ two interweaving coils are wound so that the axial component of
the magnetic field is zero on axis, that is Bo=0. For such coils the forms for /i and V are
as given above except that the term in each equation proportional to y* must be
removed.

Blewett and Chasman (BC) in their analysis did not consider the full expression for
the magnetic field, but only took the first term in the above series so that

ki =-2y(Bo/B.)Ti(y) cos m

where B, denotes the field strength defined by these authors and is simply related to By
used in the present paper by By = Boy.K1(y.). The corresponding effective potential is
given by

=8/2y* + 20 I{{yi(»)]'s*F + 1T

where 2w? = (Bo/B.)*. The problem is now to use this expression for V(y) in equation
(3.10) and solve for y, as a function of n;. In particular, one may express the period of
yo With respect to n; in the form

_ Ym dy
T=22 I Vim— V)T

where yr, is the maximum value of y. An approximate evaluation of this integral may be
carried out in the following manner. For § =0, the case considered in BC, and for y « 1

V =3w?y?(1+7y%/32) + O(y°).
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For more general y we replace V by its simplest Padé approximation and write
V=10"y?/(1-a’?)

where « is a constant. With this form for V one finds
T=(4/w)(1~a’yn)" E(aym)

where E is the complete elliptic integral of the second kind. Recalling that this is the
period with respect to n;(=¢€(6—kz)) and noting that equation (3.4) gives z =
Bct + O(e?), then it is readily found that the frequency of the oscillations with respect to
time is given by

4 2E 2.211/2
—/—1-a"yn)"'",
NCY IR

where p is the Larmor radius (= mgyc/ eB,) as defined in BC. Using the same
parameters as BC, namely p=0:348m, yn,=krn, k=196 m™, rm=6-2mm and
«’=7/32, one finds & =8-1x 10%s™". The computed value as quoted in BC is
7-6x10%s™'. Blewett and Chasman also obtain an analytic value for & by expanding
the fields in powers of y, and they find

@ = (c/vV2p)(1+3y%/32)

a-)=

which gives, for the values quoted, & = 6-9 X 10®%s™'. They actually state their value to
be 7:4 x 10% 7, but this is not consistent with their analytic formula. Their treatment of
the fields and application to the problem considered is not really justifiable since they
expand in powers of y, whereas the value of y is of order 1-2. The present treatment of
course does not rely on such an expansion. Though the evaluation of the frequency of
oscillations has been reduced to quadrature, it has not been found possible to evaluate
this integral analytically. An approximate evaluation gives good agreement with the
numerical results quoted in BC.

Summary

The problem of studying the mation of a charged particle in a helical magnetic field has
been reduced to the study of the motion in a one-dimensional potential given explicitly
by (3.11). For a particular field configuration the period of oscillation has been
calculated and shown to be in good agreement with computer simulation results.

Appendix

We consider a current of magnitude J flowing in an infinitely long helical coil of pitch
24/ k. Insuch a case all field components are functions of r and n (= 8 —kz) only. In
terms of the vector potential A =(A,, A,, 0) the field components are given by

B, =k 0A4/dm, By =—k 3A,/om, B, = (rAq)/dr —dA,/dn.

Note we have not chosen a Lorentz gauge so V2A #J. The condition that no current
flows in the radial direction implies that (curl B), =0, and this, with the condition that
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rBg—> 0 as r > 0, gives rise to the relation
B, + krBy = B,.

By is a constant independent of n and equal to B, on the axis. Because of the nature of
the helical windings, we have that the ¢ and z components of the current are directly
proportional, and this leads to the relation

dB,/dm = 0(rBg)/dr.
Away from the current carrying coils one has

2.2y 42
1i(ri(,4,))+(l+k ) A,

r —s =0,
ror\ or r an2

so that for r <r, (the radius of the coil)
rA,= Y C,l,(mkr)sin(mn).
m=0

The constants C,, may be obtained in the usual manner by matching the solutions for r
less and greater than r,, and in this way one obtains

klye &
Bo="2 Y. mK(mya)l.(my) cos mn.
myY m=1

Here y = kr, y, = kr,, K, is the modified Bessel function of the second kind, I,, of the
first kind and the prime denotes differentiation with respect to the argument. In the
limit r - 0 the above expression reduces to the one given by Smythe (1950 p 277). The
value of B, on axi®, namely By, is also given by Smythe and takes the form

Bo=Jk/21T.

The above results may be used to obtain all the components of the magnetic field, and in
particular

rolr, m) = Bo/ k) (B =29y T Kinlmya)Tnimy) cos mn).

Recalling that # = —rAzk>/B, leads to the expression given for 4 in § 4.
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